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SUBCRITICALITY AND GAUGEABILITY
OF THE SCHRÖDINGER OPERATOR

Z. ZHAO

Abstract. We investigate a Schrödinger operator -A/2 + V in Rd (d > 3)

with a potential V in the class Kd satisfying a similar Kato condition at

infinity, and prove an equivalence theorem connecting various conditions on

subcriticality, strong positivity and gaugeability of the operator.

1. Introduction

We consider the Schrödinger operator 77 = -A/2 + V in Rd (d > 3) from

three different aspects: criticality or subcriticality, strong positivity, and gauge-

ability. In each aspect, we present several conditions on V (or 77). The

purpose of this paper is to prove that all these conditions in the three aspects

are equivalent for a large class of potentials V.

We first assume that the potential V is in Kato class Kd , i.e. F is a Borel
measurable function in Rd satisfying

'sup/ ™j=,,
x€RäJ\y-x\<r \y-x\d~2

or more generally, V is in Kxdoc i.e., for any ball B, IßV £ Kd, where lg

denotes the indicator function of B .

In §2, we define a new subclass Kf of Kd and show that Kf contains

Kdr\Lx(Rd) and any potentials behaving like c\x\~p (p > 2) near infinity. In

§4, we shall prove the main equivalence theorem for any potential V in Kf

after presenting a sequence of preliminary lemmas and propositions in §3.

In the rest of this section we describe these conditions in the three aspects

respectively and discuss the key ideas which connect them.

(i) Criticality or subcriticality: There have been various notions for criticality.

One of them, perhaps the most intuitive one, is that -A/2 + V > 0 but for any

essentially nonzero function q < 0, -A/2 + V + q ^ 0. Under the assumption

77 > 0, if any notion for criticality is proposed then the opposite condition will

be for subcriticality. Therefore in the following we only consider the subcritical

condition. For instance, subcriticality corresponds to the idea described above
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is that the operator 77 > 0 allows a "small" perturbation and still keeps its

nonnegativity. The precise notions for this are conditions (a) and (al)-(a3) in

MT, here and below, MT stands for the main theorem in §4.

There have been two other notions of subcriticality. (Simon [SI]) there exists

a ß > 0 such that -A/2 + (1 + ß)V > 0 ((b) in MT); and (Murata [M2]) there
exists a positive Green function Gv(• , •) for H ((c) in MT).

Some implications and equivalences among these subcritical conditions have

been proved under different assumptions on V. See [Al, Ml, Pi]. A Green

function approach for the Schrödinger operators has been given in [H-Z].

(ii) Strong positivity: By the Allegretto-Piepenbrink theory (see [S2]) for V £

77 = -A/2 + V > 0 if and only if there exists a positive solution u > 0

of Hu = 0 in Rd . In view of this, one may expect to use the existence of some

strongly positive solution u to characterize the subcriticality, for instance, the

existence of a solution u > c > 0 of Hu = 0 (see (d), (dl), and (d2) in MT).

(hi) Gaugeability: It is known that the probabilistic counterpart of the Schrö-

dinger operator -A/2 + V is the Feynman-Kac path integral. In this paper we
consider the stopped Feynman-Kac integral in the following form:

VT

Ex exp

(-£

V(Xs) ds

where {Xs} denotes a Markov process in Rd with its lifetime £ and E* de-

notes the expectation over the paths starting with x £ Rd . We take the Markov

process {Xs} as the standard Brownian motion in Rd and the y-conditioned

Brownian motion for a point y in Rd (i.e., G(y, • )-process of Doob type see

[D]), respectively and use the expectation Ex and Ex to distinguish them. We

define the gauge and the conditional gauge respectively by

(2)

and

(3)

u0(x) = Ex exp

u0(x,y) = EX exp

- /    V(Xs)ds)   ,

("/
V(Xs) ds

The gaugeability means the finiteness or boundedness of these quantities (see

(e), (el), (f), and (fl) in MT). In recent years there has been an intensive

study on the equivalence of finiteness and boundedness of the gauge and the

conditional gauge mainly for a bounded domain in Rd (see [Ch-R, C-F-Z, F,

Z-Z3]). In this paper we prove these equivalence for the whole space Rd and

a potential V £ K°f in a similar manner. This part is a continuation of the
previous study.

The essential part of the main result lies in the connection between the three

aspects. An equality given in [Z3]

;xp Í - j  V(Xs) ds
Gv(x,y)

G(x,y)
- Fx- ^y

reveals a connection between the existence of a positive Gv(- , •) and the

finiteness of the conditional gauge. But we need a key assertion as a critical

linkage among these conditions.
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For V £ K™ and a large number A > 0, we define a shuttle time o for any

Brownian path starting at a point on dB(0, A) as the first time returning to

dB(0, A) after hitting dB(0, 2A), and a shuttle operator Sy in the Banach
space C(dB(0,A)):

(4) Svf(x) = Ex

Put

(5)

o < oo ; exp ( - f   V(Xs)dsjf(X(o))

k(V) = lim </W^Y\

which is a higher dimensional analogy of the quantity u(a, b)u(b, a) given in

[Ch] and [Ch-V].
Introducing the shuttle operator and its spectral radius X( V) is the key idea in

connecting the seemingly different conditions. In fact we add a new equivalent

condition on V into the list as a central linkage: X(V) < 1, (see (g) in MT).

For one dimensional case (d = 1 ), in a joint paper with F. Gesztesy [G-Z], we

proved the equivalence theorem of subcriticality for the general Sturm-Liouville

operators, which becomes an important motivation of this paper. For d = 2,

if we consider a transient domain like B* = {x £ R? : \x\ > r} (r > 0), then

we can extend the main result to this transient domain, but if we also consider

the whole space R2, then there is an essential difference with the case d > 3

due to the recurrence of R2. A conjecture may be proposed: -A/2 +1V in R2

is critical for each / e [0, 1] (or only for / = tx and t2, 0 < tx < t2) if and

only if V = 0 a.e. in R2. The same statement in the one dimensional case has

been proved in [G-Z].

2. Class K™ and basic notions

We assume that the dimension d > 3.   For any domain D ç Rd, 7/(7))

(I < p <oo) are relative to the Lebesgue measure and put

3§(D) = {all Borel measurable functions in D).

For any compact set A in Rd , C(A) denotes the Banach space of all con-

tinuous functions on A with the maximum norm.

The basic classes of potentials are given by

(6)

and

(7)

Ka V £&(Rd):lim
a 10

sup LxdRd J\y-x\<a W ~ x̂

4U o

Kfc = {V£ ¿$(Rd) : V/> > 0, lB(o,P)V £ Kd},

(see [A-S] or [S2]).
We now introduce a new function class

Definition 1

(8) Kd   -
V £ Kloc : lim

a        A\oo jJ\v
sup

x€Rd J\y\>A

\v(y)\
- r\d-2\y-x

dy = 0
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Proposition 1.  KdDLx(Rd) <Z KfZ Kd .

Proof. Suppose V £ Kd n Lx (Rd). For any £ > 0, there is an a > 0 such that

sup
x€Rd

I
J\y-

\V(y)\
- r\d-l

-x\<a \y -*.

Since V £ Lx(Rd), there is an A > 0 such that

dy<~.

Í
J\v'\y\>A

Then we have for each x £ Rd ,

\v(y)\
\y-x\d~:L\y\>A

So V£KdK.

Í
J\\

\V(y)\dy<ad-2^.

V^     dy+    l
\y-x\<a \y~x\d~2

~2 + ad~2\       2)

i
J\v\ad~2 J\y\>A

\V(y)\dy

The inclusion Kf C Kd follows from

{(x, y) : \y - x\ < a} ç {(x, y) : \y - x\ < a and |x| < A + 1}

U{(JC,y) : \y\ >A},     for0<a<l.    D

Proposition 2. For p > 2, {V £ Kd : V(x) = 0(|jc|_") as \x\ -► oc} ç Kf .

Proof. Since p > 2, we can choose a number p > 1 such that d/2 > p > d/p .

This implies that pp > d and (d - 2)p/(p - 1) > d .
For any e > 0, since V £ Kd , 3a > 0 such that

\v(y)\7J\vx   J\y-x\<a \y - X\d~
dy < e.

We suppose that 3c > 0 such that for sufficiently large A, when \y\ > A,

|F(y)| < c/\y\p . Then by Holder's inequality, for each x £ Rd ,

r\d-2 dy<e + c   \y\>A ;L\y\>A \y - x

<e + c

and

\y-x\>a \y
\d-2

ii

dy

\>A  W

= e + c\

Therefore we obtain

/

dy

\>a W

i/p

i/p

(L

W

dy
(p-n/p

x\>a\y-x\(d-2)pi(p-^))

\ {p-i)/P
dy       \

lim
/iîoo

So we conclude V £ K™

For V £ Kf , put

/' J\v\
sup

x^RdJ\y\>A \y

D

M>a \yl(d-2)p/{P-l)

\V(y)\
\d~2

dy < e

(9) V sup
/Jr"

\v(y)\
\d-2

dy.
x€Rd jRd I y — x

Obviously, we have ||| V |||< oc. In fact, (K°¡

but we do not need this point later.

It is easy to verify the following proposition by definition:

forms a Banach space,
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Proposition 3. Let V £ 38(Rd). Then we have

(i)  V £ Kxdoc if and only if for any bounded domain D in Rd, the family

{W(y)\l\x - y\d~2, x £ D} is uniformly integrable in D.

(ii)  V £ Kf if and only if the family {\V(y)\/\x - y\d~2, x £ Rd} is uni-

formly integrable in Rd.

Let {Xt : t > 0} be the Brownian motion in Rd on the probability space

(£l,&~, P) and let Px and Ex denote the probability and the expectation over

the Brownian paths starting with x £ Rd , respectively. For any A £3r and a

positive measurable function f on Q, we put

Ex[A;f]= [ f(co)Px(dco).
Ja

For V £Kd, put

(10) e>(i) = exp 0< / < oo./ V(Xs)ds   ,
Jo

For any domain D in Rd (d > 3), let Gd(x , y) be the Green function in

D corresponding to -A/2. Then for each y £ D, we can define the conditional

y-process in D\{y} by the transition density: (see [D, Z3])

(11x py¡D(t,x,w) = GD(x, y)~xpD(t, x, w)GD(w , y),

for t > 0, x, w £D\{y},

where po is the transition density for the killed Brownian motion outside D

(see [P-S]). We shall use Px D and E* D to denote the probability and the

expectation over the y-conditioned paths in D starting with x, respectively.

If D = Rd , then we shall omit D, so they become Pf and E* .

We mainly consider the following subdomains of 7?^ : for r > 0,

Br = B(0,r) = {x£Rd :\x\ < r},

and
B; = {x£Rd : \x\ > r}.

For each r > 0, the Green function and the Poisson kernel of Br and B*

corresponding to -A/2 have the same form. Let Dr be either Br or B*.

Then

where y ^ 0, y* = r2y/|y|2 and cd = T(f - l)/2ndl2 ;

i   2       i    |2|

(13) KDr(x, z) = cd(d - 2y   "'•*.',        x£Dr,  z£dDr.
r\x — z\

Remark. When Dr = B*, the Poisson kernel KDr(x, z) only represents the

harmonic function h with lim^i^oo h(x) = 0. When D = Rd, we also omit

Rd i.e., G(x,y) = cd/\x-y\d-2.

The following crucial inequality called the 3G estimate (see [Zl] when Dr =

Br)  can be proved by the same elementary argument as that in [Zl] when

Dr = b; .
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Proposition 4. For any r > 0 and any x, y, z in Dr, we have

(14) GDr(x y)GD(y,z) < _   M +    _    ,_, >

vv/zere

(15) C(d) = 2d+\d-2)2cd.

We end this section with a definition of nonnegativity of the operator 77.

Definition 2. For V £ Kdoc, 77 = -A/2 + V > 0 iff for any <p £ C™(Rd),

(16) \ i  \><p-Vtpdx+ [   Vtp2dx>0,
2 Jr-¡ Jr"

where C%°(Rd) = {all infinitely differentiable functions in Rd with a compact

support}.

Remark. This is equivalent to the condition: Spectrum of 77 ç [0, ce).

3. Preliminary lemmas and propositions

We start with a probabilistic characterization of nonnegativity of 77. Recall

the notation ev(-) given in (10) and define the exit time of a Markov process

X from a domain D by

To = inf[i < Ç : Xt $. D],    if the set in the bracket is nonempty,

= £, if the set in the bracket is empty,

where £ is the lifetime of X .

Theorem 1. Let V £ AT¿oc. Then H = -A/2 + V > 0 if and only if for any

r>0,

(17) Ex[ev(rBr)]^oc    in Br.

Proof. If -A/2+F > 0 then by the Allegretto-Piepenbrink theory (see Theorem

C.8.1 in [S2] or Theorem 5 in [Z4]), there exists a positive and continuous

solution u > 0 of 77u = 0 in Rd . For any r > 0, we have infxeßr u(x) >

infx&B-u(x) > 0. Thus by Theorem 4 in [Z4], (17) holds.

Conversely, if (17) holds for each r > 0, then by Theorem 4 in [Z4], all

eigenvalues of -A/2 + V in Br are larger than zero, i.e.,

(18) Spec[(-A/2+F)|Br]ç(0,oo).

For any cp in C™(Rd), we can find r > 0 such that supp(tp) ç Br. Then

by (18) we have

-/   Vcp-Vtpdx+ /    Vtp2dx = -\   Vcp-Vtpdx+l   Vcp2dx>0.
2 Jr3 JRd 2 JBr JRd

This shows 77 = -A/2 + V > 0 by the Definition 2.   D

Proposition 5. Suppose V £ Kdoc and 77 = -A/2 + V > 0. Then for any

bounded C2 domain D in Rd , there exists a jointly continuous Poisson kernel
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K%(x, z) > 0, (x, z) £ DxdD for the operator 77, i.e., for any f £ C(dD)
and x £ D, we have

(19) /   KvD(x,z)f(z)o(dz) = Ex[ev(rD)f(X(TD))].
JdD

Proof. The proposition follows from Theorem 1 and Corollary 2 in [Z3].   G

We now state a crucial lemma in a general situation, which can be proved by

the same argument as that in [AS, Theorem 1.2].

Lemma 1 (Khasminskii's lemma). Suppose D is a domain in Rd, V £ ¿%(D),

{Xt} is a Markov process in D and t is either a constant time or an exit time.

If

(20)

then

(21)

supE* i/Vwi^l <"< 1>
x€D        UO

supE* iexp (JT\V(Xs)\ds\   < y^

Note that we use W for the general process.

Lemma 2. Under the same assumptions as in Lemma I, let x £ D, A £ 9~ with

FX(A) >cx>0,and W[fi\V(Xs)\ds] < c2.
Then we have

(22) Ex[A;ev(r)]>cxexp(-c2/cx).

Proof. It is easily done by using the Jensen's inequality for Ex( • \A).   D

Lemma 3. Let D be a ball B = B(w, I) in Rd or B*r   (r > 0) or Rd itself,

and let U be a subdomain of D satisfying

(23) luV\\\<
1

2C(d) '

where C(d) is given in (15). Then for all x and y in D with xj^y we have

(24) E>y,D [exp (ff \V(X,)\ds)] < , .^ , ,„,, , •

Proof. For each x, y £ D with x / y, by Proposition 4 and Fubini's theorem

we have
■    /-Ti, I /-OO

Ey,D [J     1^(^)1^   = jo    Exy,D[s < ru;\V(Xs)\]ds

/•OO

= GD(x,y)-x /    Ex[s<ru;GD(Xs,y)\V(Xs)\]ds
Jo

< GD(x, y)"1 / GD(x, w)GD(w , y)\V(w)\ dw
Ju

(25)

<C(d) L \V(w)
\d-2

dw +
lu\x-w

<2C(rf)||| It,K||| .

Thus (24) follows from Lemma 1 and (25).   D

[JV
Ju\y-

V(w)\

w lrf-2
ds
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Now we assume V £ Kf1   (d > 3). By Definition 1, there exists a number

A > 0 such that

(26) lB'V |||= sup /
x€R« J\y\

\v(y)\
- x\d-2

dy <
1

i\y\>A\y-x\d-2'" ~ 4C(d)'

Since K™ ç K¿ (Proposition 1), by the definition of Kd given in (6), there

exists a number a with 0 < a < A such that for any ball B(w, r) with

0<r<a,

(27) HI l^F |||= sup/        -PjÚ¡-dy<     1     .
xeRd JB(w,r) \y - x\ 4C(flj

Fix the two numbers A and a which depend on d and V only.

In the following, we assume

(28) sup Ex[ev(rB2A)]<œ.
x&BlA

The next lemma follows from Lemma 1 and (26).

Lemma 4.

sup Ex
x£Rd

exp )\ds <2.

Put

(29)        u0(x) = Ex[ev(oo)] = Ex

/    \v(xs
Jo

exp(- H V(Xs)ds X£Rd .

Theorem 2.  Uo(x) ^ oo in Rd if and only if uo(x) is bounded in Rd . If so,

then «o is a continuous solution of Hu = 0 in Rd .

Proof. Since for any ball B and x £ B , we have

Uo(x) = Ex[ev(rB)Ex^[ev(oo)]}

= Ex[ev(TB)uo(X(xB))].

Then by an estimate given by Theorem 1 in [Zl] and a chain argument, it shows

that if there is one point xn € Rd with uq(xq) < oo then w0 is bounded on

any compact set, in particular we have M = sup|X|</4 tzn(*) < oc . Now for each

*e77*,

Uo(x) = Ex[rB'A =oo, ev(rB-A)]

(30) +Ex[tBa <oo;ev(rB:)uo(X(zBA))]

<(M+l)Ex[ev(tB:)]<2(M+l).
A

The last inequality is due to Lemma 4. This shows that «o is bounded in Rd .

Now suppose that C = supx€Rd uo(x) < oo . Then we have

(31) /  G(x,y)\V(y)\uo(y)dy<Ccd\\\V\\\<oo.
jRd

By the Fubini's theorem together with (31) and the piecewise integration, we

get

/  G(x, y)V(y)uo(y) dy = Ex\ f°° V(Xt)Ex^[ev(oo)] dt
jRd YJO

(32) = Ex U°° V(Xt)exp[- J°° V(Xs)ds |

= Ex[l - ey(oo)] = 1 - u0(x).
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Applying A/2 on both sides of (32) we obtain -A/2wn(x) + V(x)uo(x) =

0, i.e., «o is a distributional solution of 77« = 0. By Proposition 3(ii),

{G(x, y)|F(y)|tz0(y): x & Rd} is uniformly integrable. So the continuity of

Uo(x) follows from (32).   D

Lemma 5. There exists a joint continuous Poisson kernel KB. (x, z) > 0 for 77
A

on B*A x dB*A with the estimate:

x 2 A2
(33) KvB.(x,z)<2(d-2)cd

A /i\X — z\

Remark. Poisson kernel here is for representing the solution u of Hu = 0 with

lim^oo u(x) = 0.

Proof. By (24) in Lemma 3 with D = U = BA and condition (26) we have

(34) sup      EXB. [ev(xBA )] < 2.
(x,y)eB'AxB'A

By Proposition 3(h), (34) and the method similar to that in [Z3], we have that

(x, z) —> Ex B*[ev(TB*)] is joint continuous on BA x dB*, and

(35) KJ¡.A(x, z)/KB.A(x, z) = ExZiB.[ev(TB-)].

Thus (33) follows from (13), (34) and (35).   D

For each r in (2A, oo], put JA%r = {y £ Rd : A < \y\ < r} (note:  Ja,oo =

B*A). We define a stopping time:

(36) ^r = TB2A + TjArodXB2A,

and an operator in the Banach space C(dBA):

Sv,rf(z) = Ez[or < oo and X(or) £ dBA ; ev(or)f(X(or))],

z£dBA,  f£C(8BA).

Lemma 6. For each re(2^,oo], Sv, r is an integral operator in C(dBA) with

a continuous kernel <ï>r( • , • ) :

(38) Sv,rf(z)= [    ®r(z,w)o(dw),
JdBA

where

<&r(z,w)= i     KyB  (z,u)K)'   (u,w)o(du),
(39) JdB2A

(z, w) £dBA xdBA,

and o(-) is the area measure.

Proof. In the following, for any closed set A in Rd , TA denotes the first hitting

time on A. By the strong Markov property, we have for any / £ C(dBA),

Sv,rf(z) = E2{ev(TBJEx^2A)[T(dBA) < T(dBr),

ev(T(dBA))f(X(T(dBA)))]}

f     KvBia(z,u)\(    KvAr(u,w)f(w)o(dw)
JdB1A UdBA

[    \[     KvBiA(z,u)KfAr(u,w)o(du
JdB.  UdBiA

a(du)

f(w)o(dw).
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'V   I .      _\   „„A    rvThis proves (39). KB (• , •) and Kf (• , •) (r < oo) are continuous by

Proposition 5. The continuity of Kj = KB. is given by Lemma 5. So the

kernel <Pr given in (39) is continuous.   D

Lemma 7.  sap,ZiW)e0BAXaBA\^>r(z,w)-<Poo(z,w)\ -^ 0 as r { oo.

Proof. For r £ (2A, oo), by the strong Markov property, we have for all u £

dB2A , and w £ dBA ,

(40) KUu,w) = Klr(u,w)+ [   KvAr(u,y)KvB.(y,w)o(dy).
A ' JdBr ' *

By the estimate (33) for KB, in Lemma 5,
A

(41) \KUu, w)-KvA fu,w)\ < 2(d-2)Cd f ~~ A\ . f   KVA >, y)o(dy).
A ' A{r - A)" jdBr

By Lemma 4,

/   KVA r(u, y)o(dy) = Eu[T(dBr) < T(dBA) ; ev(T(dBr))]
JdBr

exp(r4\V(Xs)\ds <2.
(42)

<EU

Then by (39)-(42) we obtain

(43) |<Dr(z, w) - ^(z, w)\ < 4(d - 2)cd f ~ A]    [     KvBJz, w)o(du).
A(r - A)    JdB1A

Since JdB   KB2A(z, u)o(du) = Ez[ey(xB2A)], the lemma follows from (43) and

the assumption (28).   D

We need some elementary properties for the integral operators in the Banach

space C(U), where U is any compact set with a finite measure cp on it. For

any continuous function Q( • , • ) > 0 on  U x U we define an operator in

C(U):

(44) MQf(-)= [ Q(.,y)f(y)p(dy),

and put lQ = lim,,^«, ^\\(MQ)"\\ > 0.

Lemma 8. If Qx > Q2 > 0 on U x U, then X0¡ > XQl.

Proof. Since U x U is compact, there exists an e > 0 such that Qx > (1 +e)Q2

on  U x U.  Obviously, Xq is nondecreasing with Q.  Thus we have Xqk >

^■(1+8)02   = (1 + e)^Ô2   > ^Ql  ■       G

Lemma9. 7/sup(jC)J,)€t/x(/ \Q„(x, y)-Q(x, y)\ -» 0 as n -> oo, then XQn -* XQ
as n —> oo.

Proof. Since Q > 0 in U x U, for any s > 0, there exists N > 1  such that

for all n>N, x,y£ U, (1 - e)Q(x, y) < Q„(x, y) < (1 + e)Q(x, y). Then

( 1 — 8)Xq = ^(l-c)(2 < ^Q„ < ^(l+e)ö — ( 1 + e)^ß •     ^

Now for the compact set dBA , r £ (2A , oo]. Put

(45) Xr(V)= lim !¡\\(Sv,r)n\\,
n—*oo  V
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where Sy,r is defined by (37) and is an integral operator in C(dBA) with a

strictly positive and continuous kernel i>r by Lemma 6.

The following lemma is a key step for the main theorem.

Lemma 10. For r £ (2A, oo], Ex[ey(xBr)] ^ oo if and only if Xr(V) < 1.

Proof. Put f(z) = Ez[X(or) £ dBr ; ev(or)], if r < oo, and

foo(z) = Ez[or = oo ; ev(or)].

Then for z £ dBA, by the strong Markov property and the transient property

of {Xt} in Rd   (d > 3) for the case r = oo, we have for each r £ (2A, oo],

oo

(46) Ez[ev(zBr)] = Y,(Sv,r)nfr(z).

n=0

If Xr(V) < 1, then by (45), the series in (46) converges uniformly on dBA , we

have Ez[ey(TBr)] < oo. Conversely, if Ex[ey(xBr)] ^ oo, then by Theorem 7

in [Zl] when r < oo and by Theorem 2 when r = oo, x -* Ex[ey(rBr)] is a

bounded continuous function in dBA . Then by Dini's theorem, the convergence

in the series in (46) is uniform on dBA. Since fr(z) is a strictly positive

and continuous function on dBA , c = min^a^ f(z) > 0. By the uniform

convergence we can find an integer N such that IKSy.r)^!! < c- Therefore

\\(Sy,r)N\\ = \\(Sv,r)Nl\\ < c-l\\(Sy,r)Nfr\\ < 1, and then ^11(^,0*11 < 1 •
Thus we obtain XV(V) = inf„ ^/||(5,K,r)',|| < 1 •   □

Lemma 11.

(47) lim Xr(V) = X^V).
r—»oo

Proof. (47) follows from Lemma 7 and Lemma 9.   D

Lemma 12. For each r £ (2A, oo),

(48) Xr(V) < XX(V).

Proof. Noticing BA = JAoc we have by (39) and (40), for 2A < r < oo and
any z ,w £ dBA ,

<E>oo(z, w) - (¡>r(z, w)

= [      [   KvBiA(z,u)KvAr(u,y)KvB.(y,w)o(du)o(dy)>0.
JdB1A JdB, A

Thus (48) follows from Lemma 8.   D

Lemma 13.  77 = -A/2 + V > 0 if and only if X^V) < 1.

Proof. By Theorem 1 and Lemma 10, we have that 77 > 0 if and only if
Xr(V) < 1 for 2A < r < oo . By Lemma 11 and Lemma 12, the latter condition

is equivalent to Aoo(K) < 1 .

Lemma 14. Suppose {Vn} C K¿° and lim„_0O ||| Vn - V \\\= 0. Then for

sufficiently large n, Vn satisfies the condition (26)-(28) and

(49) limXo0(Vn) = Xoo(V).
n—*oc
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Proof. Obviously, (26) and (27) hold for V„ when n is sufficiently large. Since

(28) holds for V, by Theorem 4 in [Z4] and Lemma A.4.3 in [A-S], there is
ß > 1 such that

(50) sup Ex[eßv(TB2A)] < oo.
x€B2A

By Lemma 1, it is easy to see that for sufficiently large n ,

(51) SUP  Ex[eß(y^y)/{ß-X)(TB2A)] < 00 .

xeB-u

Thus, for x £ B2A , by Holder's inequality, (50) and (51)

Ex[eVn(Tß2A)] = Ex[ev(xB2A)eVn-v(xBlA)]

< {Ex[eßv(TB2A)]}x'nEx[eß(vn-v)/{ß-X)(rB2A)]}^-x^ß < oo,

i.e., (28) holds for Vn.

In order to prove (49), let 0£o(z, w) = jdB   KBn2A(z, u)KB",(u, w)o(du). By

Lemma 9, we need only prove that

(52) sup        \®œ(z> w) -®oo(z, w)\ -> 0   aszz->oo.
(z,w)€dBAxdBA

By (39), it suffices to prove that

(53)

and

(54)

SUp |jvfi
(z,u)€dBAxdB2A

'Vn,

KvB"(z,u)-KvB(z,u)\^0,

sup \KB",(u, w) - KB,(u, w)\ -► 0,
(u,w)<EdB2AxdBA A "

as n —* oo.   By (50) and the conditioned gauge theorem (see Theorem 1 in
[Z2]), we have

M=        sup        Ez B2A[eßv(TB2A)]<oo.
(z,u)&B2Ay-dB1A

Take an integer N > ß/(ß - 1), then by Holder's inequality,

\EZu,B2A{ev„(tB2A)] - EzyB2A[ev(TBlA)]\

= \EZu,B2A[ev(TB2A)(evn-v(iB2A) - 1)]|

(55)

<Ml,ß\KB2A exp       A\(Vn-V)(Xs)\ds-l
Jo

By a simple inequality: for N > 1 and x > 0.

fc=o v   '

and Lemma 3,

Fz

(56)

'JÍexp / B2A\(Vn-V)(Xs)\ds-l
o

zv
1N

k) [1 -2kC(d) HI K„-K
- 1
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For (z, u)£dBA x dB2A , by (13),

aX2 — \z\2
(57) KBlA(z,u) = (d-2)cdJ1^-^<2(d-2)cdAx-d.

Let W be one of V and Vn, n > 1, we have by Corollary 2 in [Z3],

(58) Kgjz, u) = KB2A(z, u)ElBiA[ew(zB2A)].

Since HI V -Vn |||-> 0 as « -» oo , (53) follows from (55)-(58).
(54) follows in a similar and easier way.   D

Lemma 15. If Vx < V2 and Vx =¡á V2 a.e. in Rd, then

(59) A00(F1)>A00(F2).

Proof. Let

(60) <(z, w) = j     KvB'iA(z, u)K$.(u, w)o(du)       (i = 1, 2).
JdB2A

By Lemma 8, we need only prove that for each (z, w) £ dBA x dBA ,

(61) <t>l(z, w) X&Kz, w).

Since Vi<V2, we have by (35) and (58),

(62) Kvb[a(z,u)>Kvb\a(z,u)   for each (z,u)£dBAxdB2A,

and

(63) K^,(u,w)>KB\(u,w)   for each (u,w)£dB2AxdBA.
A A

Since Vx £ V2 a.e. in Rd, we have either Vx £ V2 a.e. in B2A or Vx £ V2 a.e.

in BA. . In the former case

r*B,A rxn->
pz
^u, B2A

JBi

rx»iA rTB2A

/       Vx(X,)dt+ V2(Xt)dt
Jo Jo

GBlA(z,y)[V2(y) - Vx(y)]KB2A(y , u)
dy>0.

Ib2a KBlA(z,u)

Therefore by Vx < V2 in Rd we have

(64) EzuBiA[eVx(rBlA)] > Ezu^iA[eVl(-cB2A)].

This together with (58) shows that

(65) Kvb\a(z,u)>Kvb\a(z,u).

So (61) follows from (60), (63), and (65). Similarly in the latter case, we have

(66) KvB\(u,w)>KvB\(u;w).
A A

Then (61) follows from (60), (62), and (66).   D

Lemma 16. For all z £ dB¡,A and y £ B£A , we have

(67) e~x <Ez[TBA=oo;ev(xB.A)],

and

(68) e-8<Ez[^<TBA;ev(i)].
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(Note that Ez denotes Ez Rd  and £,  is the lifetime of the conditional y-

process.)

Proof. For z £ dB4A ,

P^(rB.=œ)=l-^ = l-42-d>l,

and by (26),

fB'A\V(Xs)\ds] <cd [
Jo J 71,

\v(y)\
\d-2

l\y\>A \Z-y

dy < 2"5.

Then (67) follows from Lemma 2 and a simple inequality:  |e_4/32-5 > e~x.

Now for z £ dB4A and y e B¡A , by (13) with DA=B*A,

2-d\
PyZ(TBA<Z) = \z-y\d-2Ez(zBA < oo ; \X(tBa) -y\2~a)

= (d-2)cd\z -y\d-2f
Ja

\2-A2

dB,

1

^|z - w\d\w -y\d~2
o(dw)

\z~y\
= l5(d-2)cdA [

Ja

< l5(d-2)cdA [
Ja

dBA \z-w\^ V|z-w||u;-y|

1

d-2

o(dw)

z-w\  [ + \w-y\  x)d zo(dw)

- 1 (Ä-\d~2     i

~~ 3 \15/       - 9'

_ iSo Pz(i < rB.) > 1 - I = i and by (26),

^y fB'A\V(Xs)\ds] <cdf
JO J J\x

\z-y\d-2\V(w)\

I\w\>a \z-w\d~2\w-y\d-2
dw

< 2d~2cd sup  /
\x\>aJ\w

\V(w)\ 1
dw < -

\d-2
\x\>AJ\w\>A \x - w\

Thus (68) follows from Lemma 2 and a simple inequality ¡¡e~9/2 > e~s.   D

By similar arguments as those in Lemma 16, we have

Lemma 17. Let 0 < r < a, where a is given in (27).  Then for any ball B =

B(w , r)   (w £ Rd), z £ dB(w , r/5) and y £ B(w , r/10), we have

(69) e-'<E^ = TB;ev(TB)].

For V £ Kf , put

(70) Uo(x,y) = Ex[ev(i)] = Ex  , wV(Xs)ds x + y,

where £ is the life time of the y-process. Note Ex denotes Ex Rd
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Lemma 18. There exists a function Q on B4A with 0 < Q < oo such that for

each x £ B4A ,

(71) e~xQ(x)<uo(x)<2Q(x),

and for each x £ B4A , y £ B¿A ,

(72) e-i52~dQ(x) < u0(x, y) < 5d~xQ(x).

Proof. For x £ B4A and y £ B*tA , define a sequence of stopping times under
Px and Px, respectively, To = 0, for n > 1 :

(T2„_2 < oo)   under Px,

'T2n.2<Q     under Px.
T2n-i = T2n~2 + *b4a ° ör2„_2    on I

T2n = 72/1—1 + Tß* ° ör2„_, •

Put
oo

Q(x) = Y,Ex[T2n-2 < oo ; ev(T2n_x)].

n=\

By the strong Markov property, we have for x £ B4A ,

uo(x) = ^2ex[T2„-2 < oo and T2n = oo; ^f(oo)]

n=\

oo

= ^^{r2n_2<oo;eK(72„_1)^^-')[TB. =oo,eK(TB.)]}.

(73) "='

n=\

Then by Lemma 4 and Lemma 16 (67) we get (71) from (73).

Now for x £ B4A  and y £ B¿A, by the strong Markov property of the

y-process, we have

(74)      u0(x,y) = ¿7<;{r2„_2 < {; ev(T2n-l)Eyi{Tl'-,)[Z < t*. ; ev(Ç)]}.

For each n > 1, ^(T^-i) e d774/1, on (T2n_2 < £), then by Lemma 16 (68),

Lemma 3 and (26), we obtain

e-i < EJlTu-i)^ < tB, . evm

(75)
^ ^y exp( /   *|K(*,)l<fr <2,

and

(76)
Ex{T2n_2<Z;ev(T2n-X)}

= \x-y\d-2Ex{T2n-2<oo;\X(T2n-X)-y\2-dev(T2n_x)}.

For z e ö774/4, x € B4A , and y € 77^ ,

(77) 1<      '*-f    ,<M^r^ + 1^'5      |z-x| + |x-y|      |z-y|      |z-y|

Thus (72) follows from (74)-(77).   D
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Lemma 19. There exists a constant cx > 0 depending on d, A and a only such

that for each x £ B4A , y and y' £ B%A with \y - x\ > a and \y' - x\ > a,

(78) uo(x, y) < cxu0(x, y').

Proof. Fix x £ B4A .   For any y £ BiA  with  |y - x\ > a and a ball 77 =

77(ií; , a/8) containing y. Set a sequence of stopping times:

So = 0, S2n-i = S2n-2 + t:B'{w,a/4) ° 0s2„_2 >

Sin = S2n-X +tB(w,a) °Ö52„_, («>!)•

Then

uo(x, y) = JT Ex[£, = S2n ; ev(Z)]
n=l

oo

= J2EyiS2n-2 < í ; ev(S2n.x)E^-^ = xB(w<a) ; e>(¿)]} •

(79) "Í

n=\

By (24) in Lemma 3, condition (27) and Lemma 17, we have for each n > 1,

(X(S2„-i)£dB(w,a/4)),

(80) e"3 < ^(*-«>K = XB(w,a) i eV(TB{w,a))) < 2,

and

^{52B_2<^;eK(52n-i)}

= |x-y|d-2^{,S2n_2 < co; |X(52„_,)-y|2-%(52„_,)}.

For each z € o77(íí; , a/4), we have

tm « |x-y|      12¿ /I
(82) l-a/4 + a/S-]z-^7\-\a78-96^-

Thus it follows from (79) and (80) that

OO

e-3Y/Ey{S2n-2<i; ev(S2„-i)} < u0(x, y)

(83) "='     x

<2j2Ex{S2n-2<^,ev(S2n.x)},

n=\

and it follows from (81)-(83) that

OO

e-3YJEx{S2n-2 <Ç;ev(S2n-X)} < u0(x, y)

2(pf)      Y.Ex{S2n.2<^,ev(S2n.x)}.

(84) "=1

By (84), for any y and y' in BSA with |y - x\ > a and |y' - x\ > a , if y and

y' are in the same ball 7i(u>, a/8), we have

(85) u0(x, y) < 2ed(96A/a)d-2u0(x, y').

Thus (78) follows from (85) and a ball chain argument.   D



SUBCRITICALITY AND GAUGEABILITY 91

Lemma 20. For any B = 77(0, R), 0 < R < oo, if GvB(x, y) > 0 exists for
x, y £ B, x ^ y, then we have

(86) £«K < rB ; ey(i)] < GvB(x, y)/G(x, y).

Proof. By [Z3, Theorem 7], the existence of GB implies that

(87) ElB[ey(H)] = GvB(x,y)/GB(x,y),

and there is c > 0 such that

(88) inf ElB[ev(Z)]>c.
x,y€B    "

Fix x and y in 77 , x ^ y . Then for any 0 < r < min(|x - y |, R - \x\, R-

\y\), put Tr = hitting time on <977(y, r). We have Tr ] £, a.s. as r [ 0. For

each such r, by (88),

EÏ<B[ev(ZWTr] = evWffilevd)] > cev(Tr).

Hence {ey(Tr)} are uniformly integrable as r [ 0, then we have

(89) HmE^B[ev(Tr)] = Exy,B[ev(t)].
rlO     ' '

For each small r, we have

(90) Exy,B[ev(Tr)] = —L—E*[Tr < rB ; GB(X(Tr), y)ev(Tr)].
(jB(x,y)

Since |*(rr)-y| = r,

i.e.,

(91) 1_^_<GB(X(Tr),y)<

1    j (R-\y\)d-2~  G(X(Tr),y)  "   '

By (89)-(91), we have

r .[     j™Ex[Tr < xB ; G(X(Tr), y)ev(Tr)] = ExtB[ev(Q].
<-rB{X , y)   riO

This is equivalent to

^;y) limEx[Tr < rB;ev(Tr)] = ExyB[ev(Ç)].
vB(x, y) rlO

By Fatou's lemma and (87), we obtain

GB(x,y)   >1^   "   y^"~ GB(x,y)

This is the inequality (86).   D

4. Main result

Let V £Kf   (d>3) and put

H=-± + V,

uQ(x) = Ex[ev(oo)] = E

and

exp(-J°°V(Xs)ds\
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u0(x,y) = Ex[ev(^)] = E (-rexpl- /   V(Xs)ds x¿y.

We choose A > 0 and a > 0 satisfying (26) and (27), respectively, and

define the "shuttle operator": Sy = Syt œ , as in (37) (r = oo) and its spectral

radius X(V) = Aoo(F), as in (45) (r = oo).

Main Theorem. Let V £ K°f (d > 3). Then the following conditions are

equivalent:

(a) There exists e > 0 such that for any q £ K°f with ||| q |||< e, H+q > 0.

(b) There exists ß > 0 such that -A/2 + (1 + ß)V > 0.
(c) There exists a positive Green function Gv( • , •) for 77.

(d) There exists a solution u of Hu = 0 with infx u(x) > 0.

(e) uo(x) ^ oo in Rd .

(f) u0(x, y) is bounded in Rd x Rd\{(x, x) : x £ Rd}.

(g) X(V)<1.

Remark 1. We have other equivalent conditions in terms of small perturbations:

(al) For any bounded Borel function q with compact support, there exists

e > 0 such that 77 + eq > 0.
(a2) There exists a bounded Borel function q with compact support, q < 0

and q ^ 0 a.e. in Rd such that 77 + q > 0.
(a3) There exists a function q £ Kff, q < 0, and q ^ 0 a.e. in Rd such

that 77 + q > 0.
and in terms of positive solutions:

(dl) There exists a continuous solution u > 0 of Hu = 0 with the limit:

limkHoo u(x) >0.
(d2) There exists a solution u of Hu = 0 with 0 < inf* u(x) < supx u(x) <

00 .

Remark 2. By Theorem 2 (generalized "Gauge Theorem"), condition (e) is

equivalent to

(el) Uo(x) is bounded in Rd .

Remark 3. We shall prove that condition (f ) is equivalent to

(f 1) Uq(xo , yo) < oo for some (xo, yo) in Rd x Rd , Xo^yo-

This equivalence can be regarded as a generalized conditioned Gauge Theo-
rem (see [C-F-Z] and [F]).

Proof of Main Theorem. Since every bounded Borel function with compact sup-

port is in K°f , we have obvious implications:  (a) => (al) =>• (a2) => (a3).
(a3) =^ (g) : Since q < 0, H>H + q>0. By Theorem 1, (28) is satisfied

for V and V + q . By Lemma 13, 77 + q > 0 implies X(V + q) < 1. Then we
obtain by Lemma 15 that X(V) < X(V + q) < 1 , i.e., (g) holds.

(g) => (a) : Since X(V) < 1, by Lemma 14, there exists £ > 0 such that if

HI q \\\< e , then X(V + q) < 1 . Therefore we have H + q = -A/2 + (V + q) > 0
by Lemma 13. Thus (a) and (g) are equivalent.

It follows from Lemma 10 with r = oo that (e) and (g) are equivalent.

(e) => (dl) : By the second statement of Theorem 2, uq > 0 is a continuous
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solution of 77« = 0. By the equality (32) and Proposition 3(h) we have

CdV(y)My)

93

lim  Uo(x) = 1 -  lim   / dy

= l -

= l.

Rd   \x-y\d~2

V(y)uo(y)_]
2

c   [   \ Hm   F^)mo(J
d JRd [kHoo \x-y\d'

dy

So (dl) holds.
(d) =>■ (e) : Suppose there is a solution u of 77m = 0 with u(x) > c > 0 for

all x £ Rd . Then for any R > 0, we have

u(0) = E°[ev(TB(o,R))u(X(rB{0,R)))] > cE°[ev(xB{o,R))].

By Fatou's lemma, we obtain

E°[ev(oo)] < lim E°[ev(xB{0,R))] < c~xu(0) < oo,
«—>oo

i.e., (e) holds.
Since we have (dl) => (d2) ^ (d) obviously, we proved (d) and (e) are

equivalent.

(e) => (f ) : By Theorem 2, we may suppose M = supxeRd uq(x) < oo. Then

by (71) and (72) in Lemma 18 we have that for x £ B4A and y £ B¿A ,

(92) Uo(x,y) < c0M,

where Co = e5d ' . By (92) and (78) in Lemma 19 we have that for x £ B4A

and any y in 776^ with \y - x\> a ,

(93) Uo(x,y) < c0cxM.

Now for x £ B2A and 0 < |y - x\ < a, by Lemma 3 and condition (27), we
have

(94)

u0(x, y) = EX{^ = TB(yta) ; ev(Q}

+ Ex{xB{y,a) <í; uo(X(xB{y,a)),y)}

< Ex {exp

< 2 + c0cx M,

\V(Xs)\ds + CqCXM

since \X(xB{y,a])\ <\x\ + \x-y\ + a <2A + 2a <4A, the first inequality in (94)
follows from (93).

Now for x £ B\A and y / x ,

uo(x, y) = Exy[£, < xB;a ; ev(Z)\ + Ex[xBL < Í; uq(X(xB;a), y)]

(95) <EX exp

< 4 + c0cxM.

Thus (f ) follows from (93)-(95).

r:¡v{xs)\ds + (2 + c0cxM)
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(f) => (c) : Let W = supx yeRd ¡XJÍyUo(x, y) < oo . then we have

ri \
u0(x ,y)-l=Ex exp

(96)

- - Fx- Zy

- -  FX- &y

—    -  FX

Jr<

- j  V(Xs)ds\ -1

ri
J V(Xt)exp[-J V(Xs)ds) dt

L

V(Xt)Ex'[ev(^)]dt

V(Xt)u0(Xt,y)

3(x,z)V(z)G(z,y)
uo(z, y)dz.

,Rd G(x,y)

The equalities in (96) can be justified by Fubini's Theorem and the inequalities

G(x,z)\V(z)\G(z,y)<

\V(z)\

jJr" G(x,y)

< W2d-2 ,        f V(z

uo(z,y)dz

Li   f(Z*d: + cäl   ,l^,fa)
V    JRd \x - z\d~2 JRd \y - zK-2     ;lRd \x - z\

< Wcd2d~x HI K |||< oo.

Put F(x, y) = Uo(x, y)G(x, y) > 0, x ^ y . Then by (96),

(97) F(x,y) = G(x,y)- !  G(x, z)V(z)F(z,y)dz.
jRd

For ip £ C™(Rd), put

Fip(-)= f F(-,y)W(y)dy,    Gy/(-)= [  G(- ,y)ip(y)dy.
Jr" Jr"

By (97),  Fifv = Gy/ - G[V(Fy/)] = G(y/ - V(Fy/)).   So we have A7=> =
AG[ip - V(Fip)] = -2[xp - V(Fy/)], i.e., (-A/2 + V)(Fy/) = y. This means
that F(- , •) is the positive Green function Gv(- , •) for 77. Hence (c) holds.

(c) => (fl) : For any ball 77 = 77(0, JR), 7? > 0, we have

(98) G£(x,y)<GF(x,y)<oc,        x,ye77.

Then by Lemma 20 and (98), we have for any x, y £ Rd with x ^ y and

R > max(|x|, \y\),

fx\fst     ■ p (^< GB(x>y) < GV(x>y)

Letting R T oo, By Fatou's lemma, we obtain Ex[ey(Ç)] < Gv(x, y)/G(x, y) <

00 .

(fl) => (e) : Suppose for some xo, yo with xn # yo, «o(-*o , yo) < oo . By

enlarging A and reducing a (if necessary), we may assume that xn £ B4A,

yo € 778^ , and 0 < a < \xo - yol • Thus by Lemma 18 and Lemma 19, we have

wo(*o) < oo, i.e., (e) holds. Thus we proved the equivalence among (e), (f),

and (c).
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Since (a) =>■ (b), obviously, and we have proved (g) => (a), our last implica-

tion is

(b) =*• (g) : For each t £ [0, 1 + ß], put

(99) f(t) = ln[X(tV)]= hmiln||0V)l-
n—>oo n

Define a sequence of stopping times {7^} :

Ti = tBia + xB: o etBu,

and
Tk + Tx o 6Tk    if Tk < oo,

oo it 7¿ = oo.

Then for each « > 1,

OVr/to = Ex[Tn < oo ; etv(T„)f(X(Tn))],

and

||(,S/K)1 = ||(,S/K)»1|| =  sup Ex[Tn< oo ;etV(Tn)].
xedBA

Hence by the Cauchy-Schwarz inequality for any t, s £ [0, 1 + ß], we have

II^((Z+í)/2)fII ^ \\S?v\\      W^svW

Therefore the function t —> In ||»S'"K|| is convex, so is f(t) by (99).

By Lemma 13, X(tV) < 1, t £ [0, 1 + ß], so /(f) < 0 on [0, 1 + ß]. Since
for V = 0, £^[^(00)] = 1, by Lemma 10, A(0) < 1, i.e., f(0) < 0. We obtain
that f(l) < 0, since otherwise the convex function / reaches its maximum at

an interior point 1 in [0, 1 + ß], f must be identical to 0 on [0, 1 + ß], which

contradicts f(0) < 0. Thus we obtain that X(V) = exp[/(l)] < 1.   D

Postscript

The conjecture made in the Introduction was recently solved by V. Pinchover

with an affirmative answer (a private communication).
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