TRANSACTIONS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 334, Number 1, November 1992

SUBCRITICALITY AND GAUGEABILITY
OF THE SCHRODINGER OPERATOR

Z. ZHAO

ABSTRACT. We investigate a Schrodinger operator —A/2+ V in R? (d > 3)
with a potential V' in the class K, satisfying a similar Kato condition at
infinity, and prove an equivalence theorem connecting various conditions on
subcriticality, strong positivity and gaugeability of the operator.

1. INTRODUCTION

We consider the Schrodinger operator H = —A/2+V in R (d > 3) from
three different aspects: criticality or subcriticality, strong positivity, and gauge-
ability. In each aspect, we present several conditions on V (or H). The
purpose of this paper is to prove that all these conditions in the three aspects
are equivalent for a large class of potentials V.

We first assume that the potential V' is in Kato class K, i.e. V' is a Borel
measurable function in R? satisfying

: V)l
1 lim | su / dy| =0,
(1) rl0 Lelgf ly—x|<r ly - xld—2 Y

or more generally, V is in K"i°° i.e., for any ball B, 13V € K;, where lp
denotes the indicator function of B.

In §2, we define a new subclass K3° of K; and show that KJ° contains
K;NL'(R?) and any potentials behaving like c|x|~” (p > 2) near infinity. In
§4, we shall prove the main equivalence theorem for any potential V' in Kg°
after presenting a sequence of preliminary lemmas and propositions in §3.

In the rest of this section we describe these conditions in the three aspects
respectively and discuss the key ideas which connect them.

(i) Criticality or subcriticality: There have been various notions for criticality.
One of them, perhaps the most intuitive one, is that —A/2+ V¥ > 0 but for any
essentially nonzero function ¢ <0, —A/2+ V +¢q # 0. Under the assumption
H > 0, if any notion for criticality is proposed then the opposite condition will
be for subcriticality. Therefore in the following we only consider the subcritical
condition. For instance, subcriticality corresponds to the idea described above
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is that the operator H > 0O allows a “small” perturbation and still keeps its
nonnegativity. The precise notions for this are conditions (a) and (al)-(a3) in
MT, here and below, MT stands for the main theorem in §4.

There have been two other notions of subcriticality. (Simon [S1]) there exists
a B >0 such that —A/2+(1+ )V >0 ((b) in MT); and (Murata [M2]) there
exists a positive Green function G¥ (-, -) for H ((c) in MT).

Some implications and equivalences among these subcritical conditions have
been proved under different assumptions on V. See [Al, M1, Pi]. A Green
function approach for the Schrédinger operators has been given in [H-Z].

(1) Strong positivity: By the Allegretto-Piepenbrink theory (see [S2]) for V €
Klc, H =-A/2+V >0 if and only if there exists a positive solution u > 0
of Hu=0 in R?. In view of this, one may expect to use the existence of some
strongly positive solution u to characterize the subcriticality, for instance, the
existence of a solution u > ¢ >0 of Hu =0 (see (d), (d1), and (d2) in MT).

(ii1) Gaugeability: 1t is known that the probabilistic counterpart of the Schro-
dinger operator —A/2 + V' is the Feynman-Kac path integral. In this paper we
consider the stopped Feynman-Kac integral in the following form:

EX [exp (— /é V(Xs)ds)} ,
0

where {X;} denotes a Markov process in RY with its lifetime ¢ and E* de-
notes the expectation over the paths starting with x € R? . We take the Markov
process {X;} as the standard Brownian motion in R¢ and the y-conditioned
Brownian motion for a point y in R? (i.e., G(y, -)-process of Doob type see
[D]), respectively and use the expectation E* and Ej to distinguish them. We
define the gauge and the conditional gauge respectively by

(2) ug(x) = E* [exp (—— /Ooo V(Xs) ds)] ,
and
(3) uo(x,y) =Ej [exp (— /Oé V(Xs)ds)} .

The gaugeability means the finiteness or boundedness of these quantities (see
(e), (el), (f), and (f1) in MT). In recent years there has been an intensive
study on the equivalence of finiteness and boundedness of the gauge and the
conditional gauge mainly for a bounded domain in R? (see [Ch-R, C-F-Z, F,
Z-Z3)). In this paper we prove these equivalence for the whole space RY and
a potential ' € K$° in a similar manner. This part is a continuation of the
previous study.

The essential part of the main result lies in the connection between the three
aspects. An equality given in [Z3]

G (x,9)  ox ¢
W_Ey [exp( /OV(Xs)ds)],

reveals a connection between the existence of a positive GY (-, -) and the
finiteness of the conditional gauge. But we need a key assertion as a critical
linkage among these conditions.
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For V' € K3 and a large number 4 > 0, we define a shuttle time ¢ for any
Brownian path starting at a point on dB(0, 4) as the first time returning to
0B(0, A) after hitting 8B(0, 24), and a shuttle operator S in the Banach
space C(0B(0, A)):

(4) Syf(x)=E* |6 < o0; exp <— /00 V(Xs) ds) f(X(a))} .
Put
(5) A(V) = lim /|[(Sy)"|l,

which is a higher dimensional analogy of the quantity u(a, b)u(b, a) given in
[Ch] and [Ch-V].

Introducing the shuttle operator and its spectral radius A(}') is the key idea in
connecting the seemingly different conditions. In fact we add a new equivalent
condition on V into the list as a central linkage: A(V) < 1, (see (g) in MT).

For one dimensional case (d = 1), in a joint paper with F. Gesztesy [G-Z], we
proved the equivalence theorem of subcriticality for the general Sturm-Liouville
operators, which becomes an impostant motivation of this paper. For d = 2,
if we consider a transient domain like B = {x € R?>: |x| > r} (r > 0), then
we can extend the main result to this transient domain, but if we also consider
the whole space RZ?, then there is an essential difference with the case d > 3
due to the recurrence of R?. A conjecture may be proposed: —A/2+1tV in R?
is critical for each ¢ € [0, 1] (or only for t =¢ and £, 0 < ¢; < ;) if and
only if ¥ =0 a.e.in R?. The same statement in the one dimensional case has
been proved in [G-Z].

2. CLAss KJ° AND BASIC NOTIONS

We assume that the dimension ¢ > 3. For any domain D C RY, L?(D)
(1 < p < o0) are relative to the Lebesgue measure and put

% (D) = {all Borel measurable functions in D} .

For any compact set A in R?, C(A) denotes the Banach space of all con-
tinuous functions on A with the maximum norm.
The basic classes of potentials are given by

) . o,
(6) Ka= {V S HE: Pt [:él;gf /Iy—xISa ly — x]d-2 dyJ - 0} ,

and
(7) Kle = (Ve B(RY):¥p>0, lpo.nV €Ky},

(see [A-S] or [S2]).
We now introduce a new function class

Definition 1.
(8) K§°={V6K:,°°:lim [sup/ Maf]:o},
|

- ay
ATOO ,V|ZA ly —xld 2

XER4
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Proposition 1. K, NL'(RY) C K C K, .

Proof. Suppose V € K;N L'(R?). For any ¢ > 0, there is an a > 0 such that
vV

sup / —l—(y—?Tl_-idy <&

x€R4 J|y—x|<a |y - X| 2

Since V € L!(R%), there is an 4 > 0 such that
/ V(y)ldy < a2z
lyI24 2

Then we have for each x € R?,

[Vl / V(y) 1 /
dy < dy + V(y)ld
/IyIZA yoxd 2=y =x@ 2 T g |y'ZAI Wldy

< %+#(ad‘2%) =¢.

So VeKy.
The inclusion K3° C K; follows from

{(x,y):ly—x|<a}C{(x,y):ly-x|<aand |x|<4+1}
U{(x,y):ly|>4}, for0<a<l. O
Proposition 2. For p > 2, {V € K;:V(x)=O(|x|7?) as |x| = oo} C KF.
Proof. Since p > 2, we can choose a number p > 1 such that d/2>p > d/p.

This implies that pp >d and (d -2)p/(p—-1)>d.
For any ¢ > 0, since V € K;, 3a > 0 such that

1463
sup/ —— —dy<e.
x Jly-x|<a |y - xld_2

We suppose that 3¢ > 0 such that for sufficiently large 4, when |y| > 4,
[V (»)| < ¢/|y|” . Then by Hélder’s inequality, for each x € R?,

vV d
/I —l—ﬂ‘—d)"Sﬁ-l'C/yEAand Y

y|>A4 |y - x'd—-Z ly—x|>a ly - xld—2|y|p

dy \"” dy (b-1)/p
<e+c / =7 /
( ly|>4 |y|”p> ( ly—x|>a [V —x|(d~2)p/(p—l)>
ay \"” dy (p=1)/p
=e+c / 4y / _dy '
( Iy|>4 I;VI”") ( I>a |y|(d—2)p/(p—l)>

Therefore we obtain

lim sup/ ——%dy <e.
Aloo | xerd Jip|>4 [V — X|
So we conclude V € K°. O
For V € K°, put
vV
(9) v = sep [ YOI,

xerd Jra [y — x|472

Obviously, we have || V' ||< oco. In fact, (K&, || - ||) forms a Banach space,
but we do not need this point later.
It is easy to verify the following proposition by definition:
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Proposition 3. Let V € & (R?). Then we have
(i) V € KX° if and only if for any bounded domain D in R?, the family
{IV)Il/|x = y|%=2, x € D} is uniformly integrable in D .
(ii) V € K if and only if the family {|V(y)|/|x — y|*~%, x € R} is uni-
formly integrable in RY .

Let {X,:t > 0} be the Brownian motion in R? on the probability space
(Q,F, P) andlet P* and E* denote the probability and the expectation over
the Brownian paths starting with x € R? | respectively. For any 4 € # and a
positive measurable function f on Q, we put

E¥[4; f]= /A f(w)P*(dw).

For V € K;, put
t
(10) ey (t) = exp [—/ V(Xs)ds] , 0<t<oo.
0

For any domain D in RY (d > 3), let Gp(x, y) be the Green function in
D corresponding to —A/2. Then for each y € D, we can define the conditional
y-process in D\{y} by the transition density: (see [D, Z3])

py.o(t, x,w)=Gp(x, y)"'pp(t, x, w)Gp(w, y),

fort >0, x,w e D\{y},
where pp is the transition density for the killed Brownian motion outside D
(see [P-S]). We shall use Prp and E; ;, to denote the probability and the

expectation over the y- condmoned paths in D starting with x, respectively.
If D= R?, then we shall omit D, so they become Py and Ej.

We mainly consider the following subdomains of Rd : for r >0,
B, =B(0,r)={xeRe:|x|<r},

(11)

and
B ={xeR¢:|x|>r}.

For each r > 0, the Green function and the Poisson kernel of B, and B}
corresponding to —A/2 have the same form. Let D, be either B, or B;.
Then

d—2
(12)  Gp(x,y)=—24 ca

x = y|9=2  Jy[d=2|y* — x|d-2”
where y #0, y* = r2y/|y|* and ¢; =T'(¢ - 1)/274/2;

X,yeDr,

|r? — IxP?|

7 x€D,, z€dD,.
rlx — z|

(13) Kp,(x, z)=c4(d -2)
Remark. When D, = B}, the Poisson kernel Kp,(x, z) only represents the
harmonic function 4 with lim . A(x) = 0. When D = R4, we also omit

Rd i-e'a G(X, y) = Cd/'x _yld—Z.

The following crucial inequality called the 3G estimate (see [Z1] when D, =
B,) can be proved by the same elementary argument as that in [Z1] when
D, =B;.
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Proposition 4. Forany r >0 and any x,y, z in D,, we have

a9 LD <y -ypd - P9,
where
(15) C(d) =2%3(d - 2)%¢,.

We end this section with a definition of nonnegativity of the operator H .
Definition 2. For V € K¢, H=-A/2+V >0 iff for any ¢ € C=(R?),

(16) 1 V(p«V(pdx+/ Ve?dx >0,
2 R4 R4

where C®(R?) = {all infinitely differentiable functions in R¢ with a compact
support}.

Remark. This is equivalent to the condition: Spectrum of H C [0, o0).

3. PRELIMINARY LEMMAS AND PROPOSITIONS

We start with a probabilistic characterization of nonnegativity of H . Recall
the notation ey (-) given in (10) and define the exit time of a Markov process
X from a domain D by

tp =inflt < &: X, ¢ D], if the set in the bracket is nonempty,
=&, if the set in the bracket is empty,

where ¢ is the lifetime of X .

Theorem 1. Let V € K¥°. Then H = —A/2+V > 0 if and only if for any
r>0,

(17) E~[ey(tp )] # o< inB,.

Proof. If —A/2+V > 0 then by the Allegretto-Piepenbrink theory (see Theorem
C.8.1 in [S2] or Theorem 5 in [Z4]), there exists a positive and continuous
solution # > 0 of Hu = 0 in R?. For any r > 0, we have infycp, u(x) >
ianGE u(x) > 0. Thus by Theorem 4 in [Z4], (17) holds.

Conversely, if (17) holds for each r > 0, then by Theorem 4 in [Z4], all

eigenvalues of —A/2+ V in B, are larger than zero, i.e.,
(18) Spec[(-A/2+ V)|g ] C (0, x).

For any ¢ in C>(RY), we can find r > 0 such that supp(¢) C B,. Then
by (18) we have

l/ V(p~V(pdx+/ V(p2dx=l/ V(p~V(pdx+/ Veldx >0.
2 R3 R4 2 B, R4

This shows H = —A/2+ V >0 by the Definition 2. O

Proposition 5. Suppose V € K('i°c and H = -A/2+V > 0. Then for any
bounded C? domain D in R?, there exists a jointly continuous Poisson kernel
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K}(x,2)>0, (x,z) € Dx0D for the operator H, i.e., for any [ € C(dD)
and x € D, we have

(19) - Kp(x, 2)f(2)a(dz) = EX[ev(tp) f(X(tp))].
Proof. The proposition follows from Theorem 1 and Corollary 2 in [Z3]. O

We now state a crucial lemma in a general situation, which can be proved by
the same argument as that in [AS, Theorem 1.2].

Lemma 1 (Khasminskii’s lemma). Suppose D is a domain in R, V € B (D),
{X:} is a Markov process in D and t is either a constant time or an exit time.

If

(20) sup E* [/ |V(Xs)|ds] <ax<l,
x€D 0
then
(21) sup E* [exp (/ [V (X5) |a’s>] < ! .
x€D l—a

Note that we use E* for the general process.

Lemma 2. Under the same assumptions as in Lemma 1, let x e D, A€ F with
PX(A) > ¢; >0, and EX[f; |V (X;)|ds] < c;.
Then we have
(22) E*[4; ey(1)] > crexp(—c2/cy) -
Proof. 1t is easily done by using the Jensen’s inequality for EX(-|4). O

Lemma 3. Let D bea ball B= B(w,!) in R or B (r>0) or R itself,
and let U be a subdomain of D satisfying

1

(23) [RY2ZR(ES C@”

where C(d) is given in (15). Then for all x and y in D with x # y we have
Ty 1

24 X o le / V(X ds)] < .

- oo ([ omias)| < gy

Proof. For each x, y € D with x # y, by Proposition 4 and Fubini’s theorem
we have

v o0
VD [/0 IV(Xs)IdS] =/0 EJ pls < tu; |[V(X;)|lds

= Gp(x, )~ /0 " E*s < tu; Go(X,, vV (X,)[1ds
(25)

< Gp(x, y)™! / Golx , w)Gp(w , )|V (w)] dw

<C(d [/ |V s dw +/ Lds]
|x vly—w
<2C() || vV III
Thus (24) follows from Lemma 1 and (25). O
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Now we assume V € K3° (d > 3). By Definition 1, there exists a number
A > 0 such that

Yol
26 lg.V ||= su / | < .
%) IV 0= 280 Sy a =2 @ < 3@

Since K C K; (Proposition 1), by the definition of K, given in (6), there
exists a number a with 0 < a < A such that for any ball B(w, r) with
O<r<a,

V)l 1
27 Lsw.nV ll= su / dy < .

Fix the two numbers 4 and a which depend on d and V only.
In the following, we assume

(28) sup E*[ey(18,,)] < 0.
XEBZA
The next lemma follows from Lemma 1 and (26).
Lemma 4. .
-

sup EX [exp (/ ! |V(X5)|ds>] <2.

x€ER4 0
Put

(29)  up(x) = E¥[ey(o0)] = E* [exp (- /0 b V(Xs)ds>] . xeR

Theorem 2. uy(x) # oo in R if and only if ug(x) is bounded in R?. If so,
then uqy is a continuous solution of Hu =0 in R?.

Proof. Since for any ball B and x € B, we have
uo(x) = EX[ey (15)E¥"[ey (c0)]]
= E*[ev(tB)uo(X(78))].
Then by an estimate given by Theorem 1 in [Z1] and a chain argument, it shows
that if there is one point xo € R? with uy(xy) < oo then ug is bounded on
any compact set, in particular we have M = sup|, <4 #o(x) < oo . Now for each
x € B},
uo(x) = E*[18; = o0, ey (15;)]
(30) + E*[tpy < 00; ey(tp:)uo(X(T5;))]
< (M + 1)E*[ey(15,)] < 2AM + 1).

The last inequality is due to Lemma 4. This shows that g is bounded in R? .

Now suppose that C = sup,cges Uo(x) < co. Then we have

(31) [, G IVt dy < Ceall ¥ i< oo.

By the Fubini’s theorem together with (31) and the piecewise integration, we
get

Glx, )V (»)uoly) dy = EX [ I V(X,>EX<'>[eV(oo)1dt]
R4 0

(32) - E¥ { /0 " V(X exp [— /l ~ V(Xs)a's] }

= E*[1 —ey(00)] = 1 — ug(x).
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Applying A/2 on both sides of (32) we obtain —A/2uy(x) + V(x)up(x) =
0, i.e.,, up is a distributional solution of Hu = 0. By Proposition 3(ii),
{G(x, MIV()|uo(y): x € R4} is uniformly integrable. So the continuity of
uo(x) follows from (32). O

Lemma 5. There exists a joint continuous Poisson kernel K },’; (x,2z)>0 for H
on B x OB} with the estimate:

| x|2 _ A2

Alx —z|4~

Remark. Poisson kernel here is for representing the solution ¥ of Hu = 0 with
limy |0 #(x) = 0.

Proof. By (24) in Lemma 3 with D = U = B} and condition (26) we have
(34) sup _ Ej p.[ey(tp;)] < 2.

(x,y)€B;xB,
By Proposition 3(ii), (34) and the method similar to that in [Z3], we have that
(x, z) = E} g.[ev(tp+)] is joint continuous on B} x 0B} and
»BY 4
(35) Kj.(x, 2)/Kp; (x, 2) = z,8:lev(t3;)].
Thus (33) follows from (13), (34) and (35). O

For each r in (24, oo],put Jy,={y € R*: A< |y| <r} (note: Jy o =
B}). We define a stopping time:

(33) Kb.(x, 2) < 2(d ~2)eq

(36) Oy =1p,, +1J,,° 6?,,,2/1 ,

and an operator in the Banach space C(0B,):

Sy ,rf(z) = E*[0, < 00 and X(a;) € 0By ey (ay) f(X(01))],
z€dBy, feC(OBy).

Lemma 6. For each r € (24, ], Sy, is an integral operator in C(0B4) with
a continuous kernel ®,(-, -):

(37)

(38) Sy, f(z) = D,(z, w)o(dw),
0By
where
_ 14 v
(39) D (z,w)= o5, Kg, (z, wK;, (u, w)o(du),

(Z, U)) €eO0Byx 0By,
and a(-) is the area measure.

Proof. In the following, for any closed set A in R?, T, denotes the first hitting
time on A. By the strong Markov property, we have for any f € C(8B,),

Sv,.f(2) = E*{ey(tg, )JEX "4 [T(0B4) < T(9B,),
ev(T(0B4)) f(X(T(0B4))}

= Kp (z,u) [/aa Ky (u, w)f(w)o(d'w)] o(du)

0By4

= / [ K},’u(z, u)K,VA (u, w)a(du)] f(w)o(dw).
o84 LJoB,, '
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This proves (39). Ky (-, -) and Kj (-, ) (r < oo) are continuous by
Proposition 5. The continuity of K}: o= ,',’; is given by Lemma 5. So the
kernel ®, given in (39) is continuous. O

Lemma 7. sup; u)eop,xo8, |Pr(z, W) — Poo(z, w)| = 0asr 1 co.

Proof. For r € (24, o), by the strong Markov property, we have for all u €
0By4,and w € 0B,

(40) ng(u,w)=K‘Z,’(u,w)+ K.;;‘,(u’ y)Kg;(y,U))O'(dy)

B,
By the estimate (33) for K ,',’A, in Lemma 5,

|4 14 rt— 42 14
(41) K e, w) =K}, (0, w)| 20 -2)Coe =305 [ K (. v)otay).
By Lemma 4,
K} (u,y)o(dy)=E“[T(0B,) < T(0B,); ey(T(0B,))]

< E [exp (/O VX, ds>] <2.

r2 _ A2
A(r — A)? Jy,,
Since faBu K},/u(z, u)a(du) = E*[ey(t8,,)], the lemma follows from (43) and
the assumption (28). O

(42) 88,

Then by (39)-(42) we obtain

(43) | (z, w) — Poo(z, w)| < 4(d — 2)cy Ky (z,w)o(du).

We need some elementary properties for the integral operators in the Banach
space C(U), where U is any compact set with a finite measure ¢ on it. For
any continuous function Q(-, -) > 0 on U x U we define an operator in
C(U):

(44) Mof(+) = /U 0, V) f ) udy).

and put dp =lim,_. {/||[(Mp)*|| > 0.
Lemma 8. If Q) > Q> >0 on U x U, then ig, > Ao, .

Proof. Since U x U is compact, there exists an ¢ > 0 such that Q; > (1+¢)Q>
on U x U. Obviously, 4o is nondecreasing with Q. Thus we have iy, >
A(1+8)Q2 =(1+ 8)3.Q2 > )’Qz .0

Lemma9. If sup(, ,)cuxv|1Qn(x,y)—Q(x,y)| =0 as n — oo, then Ao, — Ag
as n— oo.

Proof. Since Q >0 in U x U, for any ¢ > 0, there exists N > 1 such that
forall n> N, x,ye U, (1-¢&)Q(x,y) <Qn(x,y) <(1+€)Q(x,y). Then
(1 —E)lQ =j'(l—£)Q < A.Q" < )'(l+€)Q = (1 +8)AQ. O

Now for the compact set B4, r € (24, o]. Put

(45) A (V) = lim {/11(Sy )"l
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where Sy, is defined by (37) and is an integral operator in C(0B,) with a
strictly positive and continuous kernel ®, by Lemma 6.
The following lemma is a key step for the main theorem.

Lemma 10. For r € (24, o], E*[ey(15,)] # o< if and only if 1,(V) < 1
Proof. Put f,(z) = E*[X(a,) € 0B,; ey(a,)], if r < oo, and
Joo(2) = E*[0, = 00; ey (ay)].

Then for z € 8B, , by the strong Markov property and the transient property
of {X,} in R? (d > 3) for the case r = co, we have for each r € (24, 0],

(46) Bler(ea)) = 3(S." (2

If 2,(V) < 1, then by (45), the series in (46) converges uniformly on 8B, , we
have EZ[ey(tp,)] < co. Conversely, if E*[ey(tp,)] # oo, then by Theorem 7
in [Z1] when r < co and by Theorem 2 when r = oo, x — E*[ey(15,)] is a
bounded continuous function in 8B, . Then by Dini’s theorem, the convergence
in the series in (46) is uniform on 9B,. Since f,(z) is a strictly positive
and continuous function on dB,, ¢ = min,cyp, f;(z) > 0. By the uniform
convergence we can find an integer N such that ||(Sy )V f;|| < ¢. Therefore

1Sy, M = I(Sy, r)Nlﬂ < ¢Sy, )V £l < 1, and then {/[|(Sy ,)¥] < 1.
Thus we obtain Ay (V) =inf, {/[|(Sy )" < 1. O

Lemma 11.
(47) lim A4,(V) = A (V).

Proof. (47) follows from Lemma 7 and Lemma 9. O
Lemma 12. For each r € (24, o),
(48) (V) <Aoo (V).

Proof. Noticing B% = J4 o we have by (39) and (40), for 24 < r < co and
any z,w € B4,

Dy(z, w)—D,(z, w)
= [ [ Kbz 0K, @ K, wiedwo(dy) > 0.
8By, JOB, ' 4

Thus (48) follows from Lemma §. O
Lemma 13. H=-A/2+V >0 ifand only if Ao(V)<1.

Proof. By Theorem 1 and Lemma 10, we have that H > 0 if and only if
A(V)< 1 for 24 <r < oo. By Lemma 11 and Lemma 12, the latter condition
is equivalent to A (V) <1.

Lemma 14. Suppose {V,} C K3 and lim,_ || Vo =V ||= 0. Then for
sufficiently large n, V, satisfies the condition (26)-(28) and

(49) Jim Ao (Va) = Aoo(V).
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Proof. Obviously, (26) and (27) hold for V, when n is sufficiently large. Since
(28) holds for V', by Theorem 4 in [Z4] and Lemma A.4.3 in [A-S], there is
B > 1 such that

(50) sup E*[egy(t3,,)] < 00.
X€Byy

By Lemma 1, it is easy to see that for sufficiently large 7,

(51) sup Ex[eﬂ(yn_y)/(ﬂ_l)(‘tgu)] < 0.
X€EBy4

Thus, for x € B,,, by Holder’s inequality, (50) and (51)
Ex[eVn(TBzA)] = Ex[eV(rBZA )eVn_V(TBZA)]
< {E*[egy (18, )} P {E Tep,-v)pip-1) (TR I VP < o0,
i.e., (28) holds for V.
In order to prove (49), let @, (z, w) = [;, Kj’ (2, u)K},"A;(u, w)o(du) . By
Lemma 9, we need only prove that

(52) sup [P (z, w) — DPoo(z, w)| =0 asn— oco.
(z,w)€EOB4 %8B,

By (39), it suffices to prove that

(53) sup  |Kj (z,u)—Kp (z,u)| =0,
(z,u)€dB,x0By, >

and

(54) sup |Kgi(u, w)— Kh.(u, w)] — 0,
(4, w)EOBy4xIB, A 4

as n — oco. By (50) and the conditioned gauge theorem (see Theorem 1 in
[Z2]), we have

M= sup  Ej p, [egy(18,,)] <o0.
(z,u)€EBy4x0 B4

Take an integer N > f/(f — 1), then by Holder’s inequality,

|E: g, lev,(tB,,)] = E; g, [ev(Ts,)]l
= |E] p, lev(ts,,)(ev,—v(t8,,) — DI

TBA N
< MU/E {EZ,BM [exp/ "V = V(X ds - 1] }
0

By a simple inequality: for N > 1 and x > 0.

(e"—l)”gé(’,{v)(ek*—w,

(55) 1N

and Lemma 3,
N

%, By [CXP/ - (Ve = V)(Xs)|ds — 1]
0

k

(56)

IN

(Z) [1 @7 ‘] |

0
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For (z,u) € B4 x 0B,4, by (13),

(57) Kp, (z,u)=(d-2) M <2(d = 2)cgA'

Baals 2= DAz —uld = ot
Let W beone of V and V,, n > 1, we have by Corollary 2 in [Z3],
(58) KI?;A(Z’ u) = KBZA(Z’ u) ;,Bu[eW(TBzA)]‘

Since || V =V, ||— 0 as n — oo, (53) follows from (55)-(58).
(54) follows in a similar and easier way. O

Lemma 15. If Vi <V, and Vi £ V5 a.e. in R?, then

(59) Aoo(1) > Ao (V2).

Proof. Let

(60) D (z,w)= Ky (z, WKg.(u, wo(du) (i=1,2).
0By4 4

By Lemma 8, we need only prove that for each (z, w) € 8B4 x 8B,

(61) ®! (z, w) > P:(z,w).

Since V] < V5, we have by (35) and (58),

(62) Ky (z,u) > Ky (z,u) foreach (z,u) € 9B, x dByy,

and

(63) Kgi(u, w) > Kgé(u, w) for each (u, w) € dByy x OBy.

Since V; # V5 a.e. in R?, we have either V; £ V5 a.e.in By, or V; # V5 ae.
in By. . In the former case

B4 T8y,
Y [—/0 VI(Xt)dt‘l'/O Vz(X,)dt]

=/ Oz, VW) = iIKe, 0, ) 5,

By Kp,,(z, u)

Therefore by V; < V5 in R? we have

(64) E; B, levi(t8,)] > Ef B, ey, (T8,)]-

This together with (58) shows that

(65) Kp (z,u)> Kg (z,u).

So (61) follows from (60), (63), and (65). Similarly in the latter case, we have
(66) ng:(u, w) >K1';§(u; w).

Then (61) follows from (60), (62), and (66). O
Lemma 16. For all z € 0Bs4 and y € Bg,, we have

(67) e~ <E*[tp, =o0; ey(1z:)],

and
(68) e P <EJ[E <15 ev(9)].
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(Note that E; denotes E; ra and & is the lifetime of the conditional y-
process.)
Proof. For z € 0Bsy,

442 3
z . = = _—— = —_ Z_d > -
P (TBA OO) 1 !ZId_Z 1 4 23 s

and by (26),
i 1462] -
EZ[/AV(X)ds]Sc/ ——2 _dy <273,
0 V(%) ! Jysalz = yld2
Then (67) follows from Lemma 2 and a simple inequality: 3e=4/3275 > e~1.
Now for z € 9By, and y € Bg,, by (13) with D4 = B},
Pi(tp: <&) = |z —y|?" E*(tp; <oo0; |X(t;) — y[*™)
|Z|2 _A2
o8, Alz — w|w — y|4=2

=15(d-2cpd [ — ( 12 — | )d'za(dw

9B, lz—w? \|z —w||w -y|

= (d = 2)c4lz -y~

o(dw)

< 15(d — 2)cgd /6 ] (—35;)—20: w4 Jw -y~ )20 (dw)

5 . 1 1)\4?
< Z(d - 2)cyA —+ — o(dw)
3 9B,

So PZ(¢ < 1p:) > 1-4% =45 and by (26),
Tg+* _ d-2
E; [ L |V<Xs>|ds] < /| i LAC

wiza 12 = w]4=2|w — y|4-2

- V(w)| 1
<242 sup/ l———dw<-,
d|x|zA fwiz4 X — w42 2

Thus (68) follows from Lemma 2 and a simple inequality ge~%/2>¢~%. O
By similar arguments as those in Lemma 16, we have

Lemma 17. Let 0 < r < a, where a is given in (27). Then for any ball B =
B(w,r) (weR?, zedB(w,r/5) and y € B(w, r/10), we have

(69) e <E}[E=1p; ev(tp)].
For V € K°, put

4
(70)  uo(x, y) = E}lev(&)] = E} lexp (— /0 V(Xs) ds)] . XAy,

where ¢ is the life time of the y-process. Note Ej denotes E;‘ Rd -
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Lemma 18. There exists a function Q on By with 0 < Q < oo such that for
each x € By,

(71) e 'Q(x) < up(x) <20Q(x),
and for each x € B4y, y € B,
(72) e 85274 Q(x) < up(x, y) < 571 Q(x).
Proof. For x € B4 and y € B¢, , define a sequence of stopping times under
P* and Py, respectively, To =0, for n > 1:
(Tap—3 < c0) under P*,
Trn_1 = T, 0
2n=1 = fon-2 T8y © U1y, OD { (Tan-2 <&)  under Py.
Ton = Ton-1+ 13007, .
Put
Q(x) =Y E*[Ton—2 < 00; ey (Tan-1)].
n=1
By the strong Markov property, we have for x € By4,
uo(x) = Y E*[Tan—z < 00 and Tz, = 00; ey (c0)]
(73) !
= Y E*{Tyn_3 < 00; ey(Ton_1)EXTr-V[1p. = 00, ey (15:)]} .

Then by Lemma 4 and Lemma 16 (67) we get (71) from (73). v
Now for x € Bsy and y € Bg,, by the strong Markov property of the
y-process, we have

3
—

(74)  uo(x, )= EX{Ton-2 <& ep(Ton-)Ey " V[E < 1p: 5 er (O]}

™M

I
—_

n
Foreach n > 1, X(T3,-1) € 0B4y, on (T5,_ < &), then by Lemma 16 (68),
Lemma 3 and (26), we obtain

e 8 < BT V[E < 1.5 ey (8)]

75 A

(75) < Ef T [exp (/0 4 |V(Xs)|d3)] <2,
and

(76) ny{Tz,,_z <f;eV(T2n—l)}

= |x = |92 EX{Tan_s < 003 | X (Tan—1) — ¥* Yy (Tan-1)} .
For z € B4y, x € B4y, and y € B},

13 Ix =yl SIx—ylslx—ZI
ST lz=x|+lx-y| " lz=y| T |z-l

(77)

Thus (72) follows from (74)-(77). O
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Lemma 19. There exists a constant ¢, > 0 depending on d, A and a only such
that for each x € B44,y and y' € Bgy with |y —x|>a and |y’ — x| > a,

(78) uo(x, y) <crup(x, y').

Proof. Fix x € Byy. Forany y € Bgy with |[y — x| > a and a ball B =
B(w, a/8) containing y. Set a sequence of stopping times:

So=0, S2n—1 = S2n-2 + TB*(w,a/4) © Us,,_, »
S = S2n—1 + TBw,a) © Os,,_, (n>1).
Then

uo(x,y) = Y EXE=Sum; er(&)]
(79) n=1

Ef{San—2 < &; ep(San-1)Ey) " [€ = thw a3 ev (E)]} -

M3

3
Il

By (24) in Lemma 3, condition (27) and Lemma 17, we have for each n > 1,
(X(S2n-1) € 0B(w, a/4)),
(80) e < By IIE = th 03 €v (Th . a)] < 2,
and
Ej{Sam-2<¢; ev(San-1)}
= |x = )" 2E*{S2n-2 < 005 [ X (San-1) = ¥ Yev (San-1)} -
For each z € 0B(w, a/4), we have
< a/4ia/8 < ll)zc—ill = Lz/g =96g‘
Thus it follows from (79) and (80) that

(81)

(82)

e3> Ef{Sin-2 < &; er(Sam-1)} < uo(x,y)
(83) =
< ZZE;‘{Sz,,_z <&;er(Sam-1)},

n=1

and it follows from (81)-(83) that

6’_3 ZEX{Sz,,_z <¢&; eV(SZn—l)} < up(x, .V)

(84) " iz o

<2 <96TA) EEX{Szn—z <¢ev(Sam-1)}-
n=1

By (84), forany y and y’ in Bg, with |y—x|>a and |y'—x|>a,if y and
y' are in the same ball B(w, a/8), we have

(85) up(x , y) < 26(96A4/a)*ug(x, y').

Thus (78) follows from (85) and a ball chain argument. O
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Lemma 20. For any B = B(0, R), 0 < R < o0, if Gh(x,y) > 0 exists for
X,Y€B, x#y, then we have

(86) EJ[¢E <15;ev(8)] < Gp(x,y)/G(x, ).
Proof. By [Z3, Theorem 7], the existence of G} implies that
(87) E; plev()] = Gg(x,y)/Ga(x, y),
and there is ¢ > 0 such that

1 X
(88) x}lylefB E; glev(&)]>c.

Fix x and y in B, x #y. Then forany 0 < r < min(|x —y|, R—|x|, R—
|¥]), put T, = hitting time on dB(y,r). We have T, 1 &, as.as r | 0. For
each such r, by (88),

E; slev(©)IF7] = ev(T)E, 5 ey (£)] 2 cev (T;).
Hence {ey(7,)} are uniformly integrable as r | 0, then we have
(89) lim £y glev(T1)] = E; plev(Q)].
For each small r, we have
(90)  Ej plev(T))]
Since |X(T,)—y|=r,

Cd Cd Cq
- <Gp(X(T),y) £ ==,
/a1~ R pypa-z = OeA T ¥ < 55

1

= Goix 7 BT <783 Ga(X(T), y)ev(T)].

i.€.,

i _Ge(X(Th),y)
(R—1yD4=2 = G(X(T}), y)

By (89)-(91), we have

(91)

<1.

_Gg(x %) lrilr(r)lEX[Tr <1p; GX(T,), y)ey(T,)] = Eff,g[ey(f)].

This is equivalent to
G(x, ) . rx , _opx
GB(.x, y) I}H)IE}) [Tr < 7TB; eV(T")] - Ey,B[eV(é)]'
By Fatou’s lemma and (87), we obtain
G(x,¥) .«
; <
Galx. y)Ey € <tp5ev ()<
This is the inequality (86). O

G(x, )
GB(X’ y) '

4. MAIN RESULT
Let V€ K (d >3) and put

A
H=-3+V,

uo(x) = E¥[ey (o0)] = E¥ [exp (- [ v ds)] ,
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9
uo(x, y)=Ejlev(Q)1 = E; [exp (—/0 V(Xs)ds)} ., X#Y.

We choose 4 > 0 and a > 0 satisfying (26) and (27), respectively, and
define the “shuttle operator™: Sy =Sy «, asin (37) (r = co) and its spectral
radius A(V) = A (V), as in (45) (r = 00).

Main Theorem. Let V € K® (d > 3). Then the following conditions are
equivalent:

(a) There exists € > 0 such that forany q € K with || q ||[<¢&, H+q>0.
(b) There exists B >0 such that —A/2+ (1 + )V >0.

(c) There exists a positive Green function GV (-, -) for H.

(d) There exists a solution u of Hu =0 with inf, u(x) > 0.

(e) ug(x) # oo in RY.

(f) uo(x,y) is bounded in R? x RA\{(x, x) : x € R?}.

(8) A(V) < 1.

Remark 1. We have other equivalent conditions in terms of small perturbations:

(al) For any bounded Borel function ¢ with compact support, there exists
&> 0 such that H+¢eq >0.

(a2) There exists a bounded Borel function g with compact support, g <0
and ¢ #0 a.e. in R? suchthat H+¢>0.

(a3) There exists a function ¢ € K3°, ¢ <0, and g # 0 ae. in R4 such
that H+¢ >0.
and in terms of positive solutions:

(d1) There exists a continuous solution # > 0 of Hu = 0 with the limit:
lim, 00 u(x) > 0.

(d2) There exists a solution u of Hu =0 with 0 < inf, u(x) < sup, u(x) <
0.

Remark 2. By Theorem 2 (generalized “Gauge Theorem”), condition (e) is
equivalent to
(el) up(x) is bounded in R?.

Remark 3. We shall prove that condition (f) is equivalent to

(f1) ug(xo, yo) < oo for some (xg, yo) in RY x RY, xq # yo .

This equivalence can be regarded as a generalized conditioned Gauge Theo-
rem (see [C-F-Z] and [F]).

Proof of Main Theorem. Since every bounded Borel function with compact sup-
portis in K3°, we have obvious implications: (a) = (al) = (a2) = (a3).

(a3) = (g): Since ¢ <0, H> H+q > 0. By Theorem 1, (28) is satisfied
for V and V +q. By Lemma 13, H+ g > 0 implies A(V +g) < 1. Then we
obtain by Lemma 15 that A(V) < A(V + gq) < 1, i.e., (g) holds.

(g) = (a): Since A(V) < 1, by Lemma 14, there exists ¢ > 0 such that if
Il g llI< e, then A(V +q) < 1. Therefore we have H+q =-A/2+(V +4) >0
by Lemma 13. Thus (a) and (g) are equivalent.

It follows from Lemma 10 with r = oo that (e) and (g) are equivalent.

(e) = (d1): By the second statement of Theorem 2, uy > 0 is a continuous
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solution of Hu = 0. By the equality (32) and Proposition 3(ii) we have
/ eV (y)uo(y) dy
R

li =1- 1l
im up(x) im =y

[x|—o00 |x[—00

. V(J’)“o()’)]
=1= 1 il d
"d /R Lxl‘i“oo x—y2] Y
=1.

So (d1) holds.
(d) = (e): Suppose there is a solution u of Hu =0 with u(x)>c¢ >0 for
all x € R?. Then for any R > 0, we have

u(0) = E%ey (tp(0, ) u(X (T, 8)))] > cE%ey (tp(0, r)]-
By Fatou’s lemma, we obtain

E%ey(oc0)] < Rlim E%ey (tp0, 1) < ¢ 'u(0) < oo,

i.e., (e) holds.

Since we have (dl) = (d2) = (d) obviously, we proved (d) and (e) are
equivalent.

(e) = (f): By Theorem 2, we may suppose M = sup,¢pa Up(x) < oo. Then
by (71) and (72) in Lemma 18 we have that for x € By4 and y € B,

(92) up(x, y) < coM,

where ¢y = e59~!. By (92) and (78) in Lemma 19 we have that for x € By,
and any y in Bgy with |y —x|>a,

(93) up(x, y) <coeiM .

Now for x € B4 and 0 < |y — x| < a, by Lemma 3 and condition (27), we
have

uo(x, y) = EJ{¢ = 1py.0); ev (&)}
+ E;{TB(y,a) < é; uO(X(TB(y,a)) ’ y)}
TB(y.a)
<Ej {exp (/ |V(X5)|ds>] + coa i M
0
<2+ ¢ M,

(94)

since |X(tp(y,a))| < |X|+|x —y|+a <24+ 2a < 44, the first inequality in (94)
follows from (93).
Now for x € B;, and y # x,

uo(x, y) = EJIC < 1y, ; ev (O] + Ej[18;, < &5 uo(X(18y,), ¥)]
(95) < EF [exp ( /0 ") ds)] + (24 coer M)

<4+ coe) M.

Thus (f) follows from (93)-(95).
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(f) = (c): Let W =sup, yepre xzy Uo(X,y) < oo. then we have

exp (— /é V(Xs)ds) - l}
0
¢ ¢
/ V(X;)exp (—/ V(Xs)ds) dtl
0 t

(96) = -E { /0 5 V(X»E;‘f[eV(c)]dt}

¢
/0 V(X)uo(Xe y)}

G(x, z)V(2)G(z, y)
- _ uo(z, y)dz.
Rd G(x, ) oz, )
The equalities in (96) can be justified by Fubini’s Theorem and the inequalities
G(x, 2)|V(2)|G(z, y)

R4 G(xa y)
d-2 [V (2)| / [V (2)l )
<W2 <cd/Rd|x—z|d—2dz+Cd R4|y—z!d—2dz

<SWe27 ||V |I< oo.
Put F(x,y)=uo(x, y)G(x,y) >0, x #y. Then by (96),
97) F(x,)=Gx,7) - [ G(x, 2V(2)F(z,y)dz.
R4
For y € C®(R?), put
Fu()= [ FCoowmidy, Gut)= [ GG ywod
By (97), Fy = Gy — G[V(Fy)] = G(y — V(Fy)). So we have AFy =
AGly — V(Fy)l = -2[ly — V(Fy)], ie., (-A/2+ V)(Fy) = y. This means
that F(-, -) isthe positive Green function GV (-, -) for H. Hence (c) holds.
(c) = (f1): For any ball B=B(0, R), R >0, we have
(98) Gp(x,»)<G"(x,y) <, x,y€B.

Then by Lemma 20 and (98), we have for any x,y € R? with x # y and
R > max(|x|, |y]),

u(x,y) -1 =E}

=—E;

= —E}

uo(z,y)dz

Gp(x,y) _ G"(x,y)

EJ[E < tpo,r); ev(§)] < Gy S G

Letting R T oo, By Fatou’s lemma, we obtain Ej[ey(£)] < G"(x,y)/G(x,y) <
0.

(f1) = (e): Suppose for some Xy, yo With xo # yo, Uo(Xo, Vo) < co. By
enlarging 4 and reducing a (if necessary), we may assume that xo € By,
Yo € Bg4,and 0 < a < |xp—yp|. Thus by Lemma 18 and Lemma 19, we have
Up(xp) < o0, i.e., (e) holds. Thus we proved the equivalence among (e), (f),
and (c).
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Since (a) = (b), obviously, and we have proved (g) = (a), our last implica-
tion is
(b) = (g): Foreach ¢t €[0, 1+ B8], put

(99) f(0) =In[A(tV)] = }Lg%lnll(Stv)"ll-

Define a sequence of stopping times {7}}:

T] = ‘[BZA + TB; o GTBZA ’

and
T _{Tk’l'TlOeTk if T < o,
el if Ty = o0.
Then for each n > 1,
(Stw)" f(x) = EX[Tn < 00; ey (Tn) f(X(Tn))],

and
1S)" Il = I(Sew)" 1| = sup E*[T, < 00; e (Tn)].
XEIB,4

Hence by the Cauchy-Schwarz inequality for any ¢, s € [0, 1 + 8], we have
1T ersy2vll < ST 1SE 1172

Therefore the function ¢ — In||S}},|| is convex, so is f(t) by (99).

By Lemma 13, A(tV) <1, te[0, 1+ B],s0 f(¢) <0 on [0, 1 + B]. Since
for V=0, E*[eg(c0)] =1, by Lemma 10, A(0) < 1,i.e., f(0) < 0. We obtain
that f(1) < 0, since otherwise the convex function f reaches its maximum at
an interior point 1 in [0, 1+ 8], f must be identical to 0 on [0, 1+ 8], which
contradicts f(0) < 0. Thus we obtain that A(V) =exp[f(1)]<1. O

POSTSCRIPT

The conjecture made in the Introduction was recently solved by V. Pinchover
with an affirmative answer (a private communication).
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